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Abstract 

Canonical quantisation of constrained systems with first class constraints via Dirac's operator constraint method proceeds 
by the thory of Rigged Hilbert spaces, sometimes also called Refined Algebraic Quantisation (RAQ). This method can work 
when the constraints form a Lie algebra. When the constraints only close with nontrivial structure functions, the Rigging map 
can no longer be defined. 

To overcome this obstacle, the Master Constraint Method has been proposed which replaces the individual constraints by a 
weighted sum of absolute squares of the constraints. Now the direct integral decomposition methods (DID), which are closely 
related to Rigged Hilbert spaces, become available and have been successfully tested in various situations. 

It is relatively straightforward to relate the Rigging Inner Product to the path integral that one obtains via reduced phase 
space methods. However, for the Master Constraint this is not at all obvious. In this paper we find sufficient conditions under 
which such a relation can be established. Key to our analysis is the possibility to pass to equivalent, Abelian constraints, at 
least locally in phase space. Then the Master Constraint DID for those Abelian constraints can be directly related to the Rigging 
Map and therefore has a path integral formulation. 
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1 Introduction 



The quantization of a constrained system is of profound interest, because the fundamental interactions in the physical world are 
described by theories with gauge symmetries. The case of General Relativity is especially interesting and challenging, because 
its Hamiltonian is a linear combination of the first-class constraints, which means that the dynamics of GR is determined by the 
constraints and their gauge transformations. 

There are many different approaches to quantize a constrained system (see (2)), one of which is canonical quantization which 
uses the operator formalism. A traditional way to perform canonical quantization for a constrained system is Dirac quantization 
[01 . In Dirac quantization we first perform the quantization procedure disregarding the constraints and define a certain kinematical 
Hilbert space "7f/n„, which provides a representation of the elementary variables and their canonical commutation relations. Then we 
quantize the classical first-class constraints Cj as densely defined and closable operators C/ on the kinematical Hilbert space 'Hkw- 
Once such a construction is finished, we should define the Quantum Constraint Equation 

C 7 ¥ = (1.1) 

and solve it in general. The space of solutions equipped with a physical inner product defines the physical Hilbert space. Such 
a prescription is no problem when we consider the simplest case that there is only one single constraint C, and that C is a self- 
adjoint operator with only pure point spectrum. It is because in this case, we only need to solve the eigenvalue equation C^V = 
corresponding to the zero eigenvalue, and the space of solutions is a subspace of the kinematical Hilbert space. Therefore the physical 
inner product is the same as the kinematical inner product without ambiguity. The physical Hilbert space < Hph ys is identified as Hilbert 
subspace of the kinematical Hilbert space fixm corresponding to the constraint kernel. However, the above naive prescription of 
Dirac quantization often fails to specify the physical Hilbert space for more complicated constrained systems. The complications 
may come from the following sources: 

• The constrained system may possess several constraints Cj I e I where J is a (finite or infinite) index set. If we can represent 
all the constraints as operators C/, it is in general hard to solve all the constraints together and find the common solution 
spaces. 

• The first-class constraints C/ form a constraint algebra with the Poisson commutation relation 

{C I ,Cj}=f I fC K (1.2) 

where in general f u K may be a function depending on the phase space variables (f u K is called a structure function). The 
quantization of the constraints in this case may suffer from quantum anomalies, which results in the physical Hilbert space to 
have less degrees of freedom than the classical theory. 

• Even when we don't have the above problems, e.g. even when we consider just a single self-adjoint constraint operator C, 
there is still the problem about how to specify the physical inner product for the solution space. The issue arises because 
the spectrum of the constraint operator C in general is not only pure point, but can also have a continuous part. If zero is 
contained in the continuous spectrum, the solutions of the quantum constraint equation Eq. dl.H are in general not contained 
in the kinematical Hilbert space "H#,„. Thus the inner product of 'Hkoi is not available for the definition of the physical inner 
product, because the solution space of the quantum constraint equation is not a subspace of the kinematical Hilbert space 
anymore. 

In this paper we consider two approaches that have been proposed to refine Dirac's quantization procedure and in order to 
(partially) solve the above problems: 

The first one is the so called, Refined Algebraic Quantization (RAQ) |4| programme. The RAQ prescription relaxes the condition 
that the solution of the constraint equations belongs to the kinematical Hilbert space. Solutions to the constraints are now elements 
of the algebraic dual , that is, distributions on a dense domain X)^,-,, c "Hicim which is supposed to be invariant under all the C/ 
and Cj (the constraint operator may not necessarily be self-adjoint). So what we are looking are states ¥ € X)* such that: 

Y [C'lf] := C'fi! [/] = 0, V/ e £ (1.3) 
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The space of solutions is denoted by . The physical Hilbert space will be a subspace of ££ /n , s - Eventually, D£ Avs will be 
the algebraic dual of a dense domain X>p/, vs e "H/>/ n s , which is invariant under the algebra of operators corresponding to Dirac 
observables. Hence we obtain a Gel'fand triple: 

Vphys ^ fiphys ^ 2>ny S (1-4) 

A systematic construction of the physical Hilbert space is available if we have an anti-linear rigging map: 

T] : V Kin V* Phys ; f » ri(f) (1.5) 

such that r](f')[f] is a positive semi-definite sesquilinear form on X^,,, and such that for all the Dirac observables O on the kinematical 
Hilbert space, we have O'rj(f) = rj(Of). If the quantum constraint algebra is generated by self-adjoint constraints Cj and their 
commutator algebra is a Lie algebra i.e. the structure functions are constant, then we can try to heuristically define the rigging map 
via the group averaging procedure: 



rj{f);= j d»(f) < e "' L '/,.> (1.6) 

where d/u is an invariant measure on the gauge group generated by the constraints, e.g. if the gauge group is a locally compact Lie 
group, dyu can be chosen as the Haar measure. If we have obtained a rigging map rj, the physical inner product is defined by the 
rigging inner product 

W)W))p h ys ■= l(f')[fl V/,/' e 3W (1.7) 
Then a null space 9i c D£ AvJ is defined by \rj(f) e T)* h g | \\rj(f)\\pi n , s — }. Therefore 

Vphys^V&Kin)/™- (1-8) 

The physical Hilbert space 'Hphvs is defined by the completion of £>p/, VJ with respect to the physical inner product. The above 
prescription of RAQ provides an effective way to obtain the physical Hilbert space by quantizing a general first-class constrained 
system, whose constraint algebra has a Lie algebra structure and the quantum gauge transformations form a group such that group 
averaging can be applied. However, this prescription is not applicable to a constraint algebra with structure functions. 

The new idea put forward in [ Q is to exploit the Abelianization theorem [2] in order to adapt RAQ to the case with non trivial 
structure functions. The Abelianization theorem states that in general, all the first-class constraints can be abelianized at least locally 
in the phase space, i.e. there exists a family of constraints C/ (locally) equivalent to the original family of constraints, such that 
{C/, Cj) = 0. If the Abelianized constraints C/ can be quantized as self-adjoint operators without anomalies, that is, [Ci, Cj] = 0, 
we obtain a quantum constraint algebra with Lie algebra structure and the quantum gauge transformations generated by them form 
an Abelian group. Thus we can use the group averaging technique to construct the rigging map and the physical Hilbert space as 
sketched above. 

Another proposal is the Master Constraint Programme (MCP) |5| and Direct Integral Decomposition (DID) |6||7]. The MCP 
modifies the prescription of Dirac quantization by introducing a so called, Master Constraint, which is classically defined by 

M := J] K u dCj (1.9) 

r.Jel 

for some real valued positive matrix K IJ which could even be a non trivial function on phase space. Classically one has M = if and 
only if C/ = for all I € I, Also the Dirac observables can be defined purely in terms of M [5|. Thus M is a classically equivalent 
starting point in order to encode the full set of constraints C/. It is therefore conceivable that the quantized master constraint M can 
be used as an alternative tool in order to determine the physical Hilbert space in the situation that group averaging with respect to 
the individual constraints is available and that it extends RAQ to the situation with non trivial structure functions. This expectation 
has been verified in many non trivial examples EE). 

An immediate technical advantage of the master constraint over the individual constraints is that, as a positive operator, the 
master constraint M can be defined as a self-adjoint operator on 'H.Km by employing the preferred Friedrich's self -joint extension [ 19 1. 
Moreover, if the kinematical Hilbert space is separable, the physical Hilbert space can be obtained via spectral theory, specifically 
Direct Integral Decomposition (DID). We first recall the general definition of the DID representation of the Hilbert space. 
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Definition 1.1. Let (X,S,p) be a separable topological measure space such that X is a— finite with respect to p. and let x i— > < H X 
be an assignment of separable Hilbert spaces such that the function x h > N(x), where N(x) is the countable dimension ofH x , is 
measurable. It follows that the sets — [x E X; N(x) — N], where N denotes any countable cardinality, are measurable. Since 
Hilbert spaces whose dimensions have the same cardinality are unitarily equivalent we may identify all the < H X , N(x) — N with a 
single 'Hm - C N with standard I2 inner product. We now consider maps 

iff ■ x^Yl™* x (WW (1-10) 

xeX 

subject to the following two constraints: 

1. The maps ih>< iJ/(x), ^(jc) >^ n are measurable for all x e X^ and all i/r € 'H^. 
2- If 

<^i,^ 2 >:=^ I dn{x) <^i(*),ifo(*) > nf> (1.11) 

then < ipi^ >< °°- 

The completion of the space of maps ALlOi in the inner product Al.lU is called the direct integral of the "H x with respect to p and 
one writes 

Kn = £ W < >= f W < >«, d- 12 ) 

Here in our case, the spectral theorem for the self-adjoint master constraint M provides a natural DID representation of the 
kinematical Hilbert space "Hat/h, where the topological measure space is the spectrum of the master constraint operator M and dp is 
the spectral measure. Then the physical Hilbert space is defined by the fiber Hilbert space 7^ l= (0 

Notice that heuristically DID is nothing else than group averaging for a single self - adjoint constraint operator M. The other 
advantage of the Master Constraint Programme is that there are no problems with anomalies as far as M itself is concerned since 
trivially [M, M] = 0. Of course, if the individual constraints that constitute M are anomalous then M is expected to have trivial 
kernel and in this case one proposal is to subtract the corresponding spectral gap from M, see [5 1 for details. 

The master constraint rigging map is then heuristically defined for any kinematical state / e T^Kin via 

?)(f):= J dt <e'™/,.> (1.13) 

which also gives the physical inner product as a rigging inner product, and further gives the physical Hilbert space Hphys- 

Now we have three different approaches towards the physical Hilbert space of a general first-class constraint system. They are: 

1 . The Direct Integral Decomposition (DID) using the master constraint, 

2. The Refined Algebraic Quantization (RAQ) and the group averaging using the master constraint, 

3. The Refined Algebraic Quantization (RAQ) and the group averaging using a set of Abelianized constraints. 

The immediate question to ask is: Are these three approaches equivalent? If not, which one gives the correct physical Hilbert 
space? For the examples discussed in [7 | it turned out that the DID approach using the master constraint always gave satisfactory 
results and to some extent is less ambiguous than the RAQ prescription. Moreover, in (6) it was shown that RAQ with group 
averaging is in general inequivalent with DID, especially when zero is an eigenvalue embedded in the continuous spectrum in which 
case RAQ with group averaging sometimes leads to unsatifactory results. 

The purpose of the present paper is to analyze in more detail the relations between the three prescriptions for the physical 
Hilbert space. It turns out that although the group averaging in the form of Eq. dl.13b is inconsistent with the DID definition of 
the physical Hilbert space, a certain modification of the group averaging prescription Eq. dl. 13b does lead to consistency with the 



'Such a definition of the physical Hilbert space is in general ambiguous, there are some more physical prescriptions necessary to remove these ambiguities |6 |. 
We will come back to this point in Section|2] 
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DID definition. More precisely, under certain technical assumptions, the modified group averaging technique captures precisely 
the absolutely continuous sector of the DID physical Hilbert space. The technical assumptions for establishing the consistency are 
fulfilled by all the physical models tested in [7]. 

On the other hand, a similar modification of the group averaging prescription can also be done for the group averaging of 
the Abelianized constraints. It turns out again that under certain technical assumptions, the modified group averaging using the 
set of Abelianized constraints leads to the same result as the modified group averaging using a single master constraint for those 
Abelianized constraints. To summarize, under some assumptions which we spell out in detail in the course of this paper, the above 
three approaches for the physical Hilbert space are consistent among each other. 

Our motivation for studying this questions arose from an important open question in Loop Quantum Gravity (LQG) J8JH]. 
LQG is a specific incarnation of the programme of canonical quantisation applied to General Relativity. It is a canonical quantum 
theory in terms of operators and Hilbert spaces. On the other hand, path integral techniques have been applied to LQG based on 
the kinematical Hilbert space underlying the canonical theory and resulted in what is called spin foam models 1101 . While the two 
theories should both be quantisations of GR, the relation between the two is not at all obvious because in spin foam models one only 
uses the kinematical structure of LQG, the information about the quantum dynamics of the canonical theory IfTTII is not obviously 
implemented in spin foam models which are formulated as (simplicity) constrained BF theories [12 13]. In order to compare the 
canonical and spin foam approach it is natural to try to give a systematic path integral derivation of spin foam models starting from 
the canonical theory, which so far is missing entirely. 

Now it is rather well known how to relate the group averaging map for the individual constraints to the established reduced phase 
space path integral [2], at least at a heuristic level. However, the constraints of GR are not of the kind to which group averaging 
techniques apply, since (in)famously they only close with non trivial structure functions which causes all sorts of technical problems 
(see e.g. the extensive discussion in (14\ ). It is for that reason that the Master Constraint Programme was invented. However, 
the Master Constraint group averaging map is not obviously related to the path integral formulation of the individual constraints. 
The missing link between the path integral formulation and the Master constraint programme can be found by considering the 
intermediate step of group averaging the Abelianized constraints and the Master constraint for those Abelianized constraints. In HI 
we have sketched how one can directly relate the group averaging maps j], ij for these Abelianised constraints and therefore has 
access to a path integral formulation directly from the Master constraint. In this paper we wish to study this relation mathematically 
more carefully. 

One can rightfully ask whether all of this has any practical use as far as Quantum Gravity is concerned because the Abelianisation 
of constraints in field theories usually can be performed only at the price of giving up spatial locality. For instance, in pure gravity 
one can form four algebraically independent scalars out of the 3D Riemann curvature and higher derivatives or polynomials thereof. 
In order to Abelianise the Hamiltonian and spatial diffeomorphism constraints of GR one needs to find a canonical transformation 
mapping to those scalars as configuration coordinates on phase space. It is clear that this involves inverting Laplacians. One then 
solves the constraints for the conjugate momenta of those scalars which provides the Abelianised constraints. This procedure is 
practically useless. The idea therefore is to use suitable matter in order to avoid non locality which can be done |fT31 [16l [T7l and in 
principle, at least at a heuristic level, leads to a spin foam model, albeit necessarily with matter. 

The present paper is organized as the follows: 

In section |2l we define a modified group averaging using a single self-adjoint master constraint operator, and prove under which 
circumstances such a group averaging gives the absolutely continuous sector of the DID physical Hilbert space. 

In section [3] we define the modified group averaging using a set of self-adjoint Abelianized constraints, and study the relation 
between this group averaging and the group averaging using the master constraint. Finally we prove that under some technical 
assumptions, the two approaches lead to the same result. 

In section|H we summarize and conclude. 
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2 Group averaging rigging inner product and direct integral decomposition 



We first consider the master constraint programme. Recall that given the self-adjoint master constraint operator M, we can formally 
write down the quantum master constraint equation by 

MY = (2.1) 

The space of solutions for this equation combined with a certain physical inner product is called the physical Hilbert space Hph ys - 
However, the equation Eq.( 12.U is only formal because zero is generically contained in the continuous spectrum of the master 
constraint operator, so that the solution state ¥ does not live in the kinematical Hilbert space anymore. In order to rigorously define 
the space of solutions and to specify the physical inner product, we should in principle employ the direct integral decomposition 
(DID) [6 1 for the master constraint operator M. Whenever the master constraint operator M can be quantized as a self-adjoint 
operator, the physical Hilbert space < Hph ys is well-defined in principle (modulo measure theoretic subtleties which require further 
physical input but do not present mathematicales obstacles). 

In [6 1, the programme of direct integral decomposition (DID) is introduced in order to rigorously define the physical Hilbert 
space for a general constraint system. It proceeds as the follows: 

1. Given a kinematical Hilbert space 'Hkiu and a self-adjoint master constraint operator M = K IJ C\Cj, we have to first of all 
split the kinematical Hilbert space into three mutually orthogonal sectors "Hkiu = ( H PP © 'W !e © < H CS with respect to the three 
different possible spectral types of the master constraint operator M. 

2. We make the direct integral decomposition of each < H* ', * = pp,ac,cs with respect to the spectrum of the master constraint 
operator M restricted in each sector, i.e. 

<H*= f &n\XfH\ 



3. Finally, we define the physical Hilbert space to be a direct sum of three fiber Hilbert spaces at A — with respect to the three 
kinds of spectral types, i.e. Hphys = *H™ © "H°f © "H™ 

Note that in step 2. we have assumed that all the ambiguities outlined in [6 1 have been solved by considering some physical criterion 
e.g. the physical Hilbert space should admit sufficiently many semiclassical states, and it should represent the algebra of Dirac 
observables as an algebra of self-adjoint operators. With this assumption, the procedure of the DID programme gives a proper 
definition of the physical Hilbert space for a general constraint system. In many models simpler than GR, such a programme gives 
satisfactory results Q. 

However, if we want to practically obtain the physical Hilbert space of LQG and get detailed knowledge about the structure 
of this physical Hilbert space, then DID is not a suitable procedure. The reason is the following: the whole procedure of DID 
depends on the precise knowledge of the spectral structure for the master constraint operator. For the case of LQG or AQG |[T4ll 
with a complicated master constraint operator M, the spectrum of M is largely unknown so that the DID programme is too hard 
to apply practically. Therefore, for practical purposes, we have to employ a technique such that the final structure of physical 
Hilbert space Upkys - ^ffo ® ^"=o ® ^t=o * s obtained without much of the knowledge for the spectrum of the master constraint 
operator. Fortunately, we have a single constraint in the quantum theory, whose "gauge transformations" that it generates form a 
one-parameter grouro Therefore we can employ an alternative, (modified) group averaging technique to obtain the physical inner 
product as outlined in the introduction. 

Definition 2.1. For each state \p in a dense subset D ofj-fxin, a linear functional rjn(i//) in the algebraic dual of D is defined by 

j R dt (ifr\e it(M - e) \<p) Kin 



o j R dt (Q|««M-*)|n>, h 



Vi^eS and where Q e 'Hxin is a once and for all fixed reference vector which corresponds to a choice of normalization. The inner 
product on the linear span of the rjnitp) is defined by (i](>J/)\ri((f>))a :— T]n(i//)[(p]. The resulting Hilbert space is denoted by "Hq 



2 These are only gauge transformations in the mathematical sense. The Hamiltonian vector field of the classical Master constraint vanishes on the constraint 
surface. 



7 



The reason for taking the limit e — ♦ in this definition is in order to establish the connection between the group averaging Hilbert 
space "Kn and one of the sectors in the physical Hilbert space as defined via DID above. This will become clear below. 

Here we explicitly construct the direct integral decomposition for M. We denote by E(A) the projection valued measure associated 
with M, which is a map from the natural Borel <x-algebra on R into the set of projection operators on 'Hkih- Thus we have a spectral 
measure for any unit vector Q e 'Hkm defined by 

(in(B) = (Q.\E(B)\Q.) Ki „ 

for any measurable set B in R. 

Thus the kinematical Hilbert space Hxm can be decomposed into t H pp ffi fi ac ffi W, where H* = [Q. e < H K m \ Pn = fJ-* n , * = 
pp, ac, cs }. In each of "H* , the projection valued measure of M|^. is denoted by E*(A). Given iff, e fi* and a smooth function with 
compact support / e Q'XR^), one can construct a C^-vector for M|^* by 

of: := f dtf(ty> M ^ 
Jr 

and /M Q^* = -D.^^ &f The span of these C^-vectors as iff* and / vary is dense in < H*. 

Suppose we pick a C°°-vector Q.*, then we obtain a subspace ( H* by the closed linear span of the vectors p*(M)D.* where p*(M) 
denotes a polynomial of M. If 'H* + *H*, we can pick another C°°-vector D.* 2 e < H\ y - and construct another subspace HZ c "H* 1 - in 
the same way. Iterating this procedure, we arrive at an at most countable direct sum by the separability of *H* 

in which a dense set of vectors can be given in the form {/7* 1 (M)Q*,}~ =1 where each p* m is a polynomial of M and each O*, is a 
C°° -vector for M. 

For any measurable set B in R, we consider the spectral measure 

/4(B) = <q;i e\b) m;>» 

If we choose a probability spectral measure p* - 2m=i <Wq (2m=i c m = 1) with the maxmality feature: for any iff e "H* the 
associated spectral measure p^iB) = (iff\E*(B)\iff)* is absolutely continuous with respect to p* (e.g. if c m > for all m), we have 

and each p,^ is a nonnegative L'(R,//*) function. We will assume that each pf t has a representative which is continuous at A = 

012. 

We define the function N* : R -> N by N*(A) = M provided that A lies in precisely M of the S Ai = {A e R| p^,(-t) > 0}. We also 
denote by X* M the pre-image X* M = {A e R\N*(A) = M] of {M} under A'*. 
For any two vectors iff, = {p* m (M)Q.* m } m and if/', = {p'*{M)D.* m } m 



m= i 



m=l 



M=l JX M fc=l 

where P* miiX )W £ at A. Therefore we arrive at a direct integral representation, i.e. 



<<m^:>* = 21 djU * (/l) <^wjm a (2.2) 
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where 



AT (A) 



is an orthonormal basis in TfJ - C w Then we have the following theorem: 

Theorem 2.1. We suppose zero is not a limit point in cr pp (M) and thaQ cr cs (M) = 0. In addition, if we have any one of the following 
conditions 

1. there exists 5 > such that each p.^ f d//"f = p„dA) is continuous on the closed interval [0, 6]. 

2. there exists 5 > such that each p"^ is continuous at A — and is differentiable on the open interval (0, 5). 

3. there exists 6 > such that N ac is constant on the neighborhood [0, 6). 

Then there exists a dense domain D in Hicm, such that for some choice of reference vector Q the group averaging Hilbert space "Hq 
is unitarily equivalent to the absolutely continuous sector of physical Hilbert space e H%Z - 

Proof: First of all, for any two states if/*, <f>* £ H* (* = pp, ac), we consider the integral, 

dt{iff t \e M}A - e) \<p,T 

= f At f dp*(A) (MWMTa 
Jr Jo-(M) 

= lim f dt f dp*(A) e i,(A - eHg ' 1 {ilf t (A)\<p t (A)) A - (2.3) 
s-*° Jr Jo-(M) 

This equation is justified by the Lebesgue monotone convergence theorem fl8l . because {e~' s ''}g is an monotone increasing family 
for each t £ M when g — > 0, and the other part of the function in the integrand can be uniquely split into the form u+(A) - u-(A) + 
iv+(A) - iv-(A) where u± and v± are nonnegative measurable functions. 

The integrals dt and ^_ (M) dp ac (A) in the above equation can be interchanged by Fubini's theorem fTSl . since the integrand 

rnl-ilp r\n Iff 2 anH f r\t , 

Jo-(M) 



e m-e)-\gt\ is measurable on M 2 and j R dt j dp*(A) u ± (A)e~^ < oo (also for v ± ). Therefore 



f dt{i/j»\e" {M ~ e) \<t>*Y 
Jr 

Urn f d^(i) (^(A)|0»(^)>* f dte m - e) -M 
g-*° Jo-(M) Jr 



= lim 2 f dju*(A) <^W)|^(A)>*^— ^ -2 

We first consider the pure point spectrum * = pp. By the assumption that zero is not a limit point in cr pp (M), for sufficiently 
small e we have A - e + for all A E cr pp (M). Then, the function )2+( 2 ) s _ £)2 is bounded in the limit g — » 0. Therefore the above integral 
vanishes as one sees by applying the Lebesgue dominated convergence theorem. Hence for any three states iff, (f>, Q E 'T^m 

(ri(ilf)\n{<t>))Q = lim ^ 

so we only need to consider the absolutely continuous spectrum in what follows. 
Furthermore, we have already seen that 



WacKc)" = Y d^(A)p^(T) pZ(A) 



3 The physical interpretation of the continuous singular spectrum is typically obscure and there exists a wide literature on sufficient conditions for its absence 1191 . 
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for ip ac = 2m=i Pm (M)^m and 'Aar = 2jm=i P'm^^^m where p", and p'," c are measurable functions. From this we can select a 
dense domain S in "K flc by considering those \p ac e 5, ijf ac = 2m=i (M)Q", e with only finitely many of the p° c nonvanishing and 
such that each e C£°(R) (the set of complex valued functions of compact support). 
Choosing in <23) ^ = 2^=1 /C(M)Q£ and ^ = p'™(M)D% in 5 

df<^ c k ! ' (M - e) |0 flc ) flc 



Jr m=1 

= Vlim f dr f d< c (A) e ^- e) - M ^)^rW 
^ Jk Jr 

to 

= Vlim f . 



2g 



^ 2 + W- e ) 2 

Note that the above sum over m is actually a finite sum which is why we were allowed to interchange it with the integral, 
i. 

Suppose condition 1 holds: there exists 6 > such that each /j.^ (dp"^ = p^dA) is continuous on the closed interval [0, S\. Then the 
function fj^p^p'^ is continuous on the closed interval [0, 6] thus is also bounded on [0, 6]. So if we choose < e < 6 then 



I 



dt{^ ac \e it<M - e ^ ac r = 2;r V iC(e) pST(e). 



m= 1 



Hence for any three states if/,<p,£l £ D := W © 5 (Q flc = £^ =1 .C'( M )^m ) 

{mmm(<p))n = hm — = hm 

' ' " ~o J R df<Q flc | e '>( M -)|Q flf r -°2^: = itf(e)ff(f)/;'(e) 

S£ = i/ff(0)pff(Q)/C(0) = (<A flC (0)l^ c (0))^o 

z: =1 iGmlzm firm <^ c (0)iq„ c (o)>- 

by using /4 C (0) = ^ flc (0)p° c (0) as follows from = p% dA = p%dp ac = p ac p ac dA and p flf (0) > w.l.g. 
ii. 

Suppose that condition 2 holds: there exists 8 > such that each p° c is continuous at /I = and is differentiable on the open interval 
(0, 5). We choose < e < rj < 6 and calculate 



-f 



hm dju ac (A)p^)K c U)/C(<l) 



2g 



hm f 
Jo 



d/i flc u)p^(A)rf(^)p; ac (^) 



g 2 + (i- e ) 2 

2g 



g 2 + (A- e) 2 



o Jo ^ W —e g^(A-e) 2 

, dp ac (A)- — ^ 



lim | d/i ac (A) , 2 pZ{e) p%(e) p™(e) (2.4) 



In the second step we have split the integral over A e R + into [0, rf\ and (77, 00). The function g/(g 2 + (A - e) 2 ) for A > r\ is bounded 
from above by g/(g 2 + (tj - e) 2 ). Therefore the integral restricted to {rj, 00) is bounded by 2 \\ifr ac \\ \W a c\\ g/(g 2 + 0l ~ e ) 2 ) which 
obviously vanishes as g — > 0. Now consider the last line in ( I2.4l i which consists of two terms. In the integrand of the first term, 
\ 2^L% \ < 1 and p " W tfw p '»' {A) -_f (£) p " m p '" {e) is also bounded on [0,77] since p™ is differentiable in at A = e. Therefore the 
integrand in the first term is bounded by a finite constant. Thus by Lebesgue dominated convergence theorem we can apply the limit 



10 



g — > directly to the integrand. Now the function f(a,b) = lab I {a 1 + b 1 ) for b ^ has the limit zero for a — » and f(a,0) = 
anyway. Hence the first term vanishes in the limit. Thus 

f dt(*ac\e im - c) \<Pacr = lim f d^(A) 2 f V p£( e ) tf(i) p™( g ) 
Jr «->° Jo 5 + - ^ 

So for any three states ifr, (/>, Q. e D = ( H PP © S we arrive at the same result as above (with Sl ac = £™ =1 /^ e (M)n^') 

0K^)>u = i im f df< ^ |e " (M "'^ r = ^^(Q)gg/C(0) 

~0 £ d f (£l ac k^-)|Q ac >«c ^ p a m c (0) f ac (Q) f ac (0) 

<O flC (0)|Q flC (0)>- 

iii. 

Now consider condition 3: there exists 6 > such that N ac is constant on the open interval [0, 6). In this case we need some additional 
tools: 

First, we define a vector space *V which consists of certain families smooth complex functions of compact support, 



*V := {{/„}"=! | /„ * only for a finite number of n, /„ e C~(R) Vn} 



where C£°(R) is the set of smooth complex valued function of compact support on K. Then we choose an orthonormal basis for each 
fiber Hilbert space ' . Consider the functions e n with e n (A) e and e„{X) = for n > N ac (A) such that (e n (A)\e m (A)) a A c = 6 n , m 
for m,n < N ac (A) and zero otherwise. The {e„(/0}„=i,...,Af<(i) provide an orthonormal basis in ( H\ K . We define a linear map i from the 
vector space 'V to 'W e by 



»=1 ^ 



where e "K 00 since its '7/ ac -norm is bounded 



c c . . 

(HlMD 2 = d^ c (A)(U ac (A)\\T) 2 = dyu fle (i) V \f n (A)\ 2 < 00 

J<t(M) Jo-(M) ^7 

by the assumption that f n +0 only for a finite number of n, and /„ e C~(M) Vn. The image of this map i^V) is denoted by S, so that 
for any two states i/, ac = i({f n }^ =1 ), <f> ac = i({fX=i) in S, their fiber inner P roduct (taMMaciWf = Z^ W) MVfM is a bounded 
function of compact support (i.e. its real part and imaginary part are bounded from above and below). Moreover the assumption that 
there exists a neighborhood [0,6) on which N ac is a constant implies that (if/ a c(X)\<Pac(J-)} a A c = X^ =1 fnWfnW is smooth on [0,6) 
by the finiteness of the families {f n }™ =l and {/„'}^ =1 . 

We must show that the subset S is dense in <H ac : Suppose there is another state (f> ac e < H ac orthogonal to all the states in S, i.e. 
for any <p ac = i([f„)™ =l ) £ S, 



dii ac (A)(4, ac (A)\<f>ac(m C = dfi ac (A) V (ifr ac (A)\e n (A)r A c (e„(A)\cl> ac (A)y 

o-(M) J<r(M) ^ 

A"-(l) _ 

d^(A) V f„(A)(e n (A)\<f> ac (A))7 V , e V. 

J(t(M) r~r 



MM) „ =1 

For any positive integer «o> we can choose the family {f n }™ =1 e *V such that all /„ vanish except f„ . Therefore 



r d y u ac (^)/^(i)< eno (i)i0 ac (^)>r =o v /„ 6 c 

Jo-(M) 
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Note that the function (e no (A)\<p ac (A)) a A c has support {A e cr(M) | N ac (A) > n }. Since C™(M) is dense in L 2 (R,//' C ), the above result 
implies that (e„ (A)\<pac(A)) a { vanishes //""-a.e, which means that <p ac — in < H ac . So we have proved that S is dense in "K flc . 
For any two states iff ac , 4> ac e S, we first consider the integral for the absolutely continuous sector (0 < e < 5), 



fdtf d^(A) e u ^ (MWacmf 
Jr Jo-(M) 

lim f dn ac (A) (^ ac {A)Wac(A)) a A c f dfe'^-^-^ 1 
Jo-(M) Jr 

lim2 f d// flc (/l) (iAac(^)l0flc(^))J) C -2 — t{ rj 

/ 

lim f 



lim 2 

g-»0 



d// e (,l) 



<^ a c(A)|0«(/l)>f - <<Me)|0«(e)>2 



g 2 + M-e) 2 



+2 



The first term in the last line of Eq. ( 12.51 ) can be computed as follows 



<<Me)|<Me)>r- 



(2.5) 



lim 2 



J ■ 

Jcr(M) 



= lim 

g 



a2 f dAn ac (A) 

Jo-(M) 



<<A« c WI<M^)>r - <lMe)l0 flC (O>" 

(l/'aciWacW)'? - <lMe)0«:(e)>? 



S 2 + (A - e) 2 



A-e 



1 + 



(i-<0 2 



(2.6) 



Here in the integrand, 1 2 1 < 



and 



is also bounded since {4>ac(A)\(j) ac (A)) a , c is differentiable at /I = e. 



Therefore the above integrand is bounded by an integrable function which is a finite constant times fj. ac (recall that //* is a probability 
measure). Thus by Lebesgue dominated convergence theorem we can apply the limit directly to the integrand, which shows that 
Eq. ( 12.61 ) vanishes in the limit. Therefore, we obtain that 



fdtf dfx ac (A) e^- e) {ilf ac {X)\<t>ac{X))f = 2 lim f 
Jr Jo-(M) L Jo-(M) 



T(M) 

Finally we obtain the same result as above: 



g 2 + (A - ef 



{<l<a C (.e)\4>a C {e))f. 



— lim 



<77(^)|77(0)) n 

j^dt J d/u ac (A) {ip ac (A)\<j> ac {A)) a A 



° Jr df Lm) d ^ e * _e) (n ac (AW ac (A)T A 



lim lim ■ 

6^0 g^O 



f ^ dLi ac {A) 2 ,* a 



<<Me)l<Me)>^ 



g 2 +(i-e) 2 



<0«:(c)IQ«(c)>f 



(<A flC (0)|^ c (0)>- 



<n m .(0)|Q flC (0)>f =0 ' 

Finally, notice that for any state ip ac e S, i/' a c(0) is a finite linear span of the e„(0). The linear span of such ^froc(O) is dense in the 
Hilbert space < H A t - Thus we obtain an isometric or conformal bijection between l H?f and < Ha depending on the choice of Q. Thus 
for suitable Q. these two Hilbert spaces are unitarily equivalent. 
□ 

Now we can see that the reason of taking the limit e — > in Definition al l is to make the desired connection between the group 
averaging Hilbert space "7Yq and the absolutely continuous sector < H^Z in the physical Hilbert space. For the pure point sector 
"Hffo, one should rather solve the eigenvalue equation Eq.( l2.U in the kinematical Hilbert space Hxin- For the case of LQG, many 
eigenstates in fixm have been found, which correspond to a degenerate geometry, e.g. the spin-networks with valence less than 4. 

It is remarkable that all the physical models gravity tested in JT) satisfy all the assumptions in Theorem 12.11 This means that 
the group averaging technique in Definition 12. 1 1 gives correct physical Hilbert space (the absolutely continuous sector) for all those 
physical models. 
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3 The consistency between the group averaging approaches with Abelianized con- 
straints and master constraint 



3.1 A finite number of Abelianized constraints 

Now we consider the Dirac quantization for the given system. Suppose we have a gauge system with a finite collection of irreducible 
first class constraints Cj (I - 1,2, • • • ,N, N is finite), then one can always locally (in phase space) abelianize these constraints to 
obtain Cj = RijCj, such that \Ci,Cj] = fl2). If we quantize these abelianized constraints as self-adjoint operators with [Ci,Cj] = 
on Hk™ a g rou P averaging approach can be defined due to the Abelian Lie algebra structure of the constraint algebra. For each state 
\jj in a dense subset D of Ukuu a linear functional /7n(<A) in the algebraic dual of T> can be defined such that V</> e T) 

f7n(iA)[0] := I'm — : 

where Q e Hian is a reference vector. Therefore we can define the group averaging inner product on the linear span of rjai^) via 
(rj(i//)\ri(<p))n :- ^nWM- The resulting Hilbert space is denoted by < Hq 

On the other hand, one can also define a single master constraint operator M := KijCjCj where Kjj is a positive definite c- 
number matrix. Therefore a group averaging approach can also be defined for the master constraint: For each state if/ in the same 
dense subset D of 'Hkiti, a linear functional //nW in the algebra dual of T) can be defined such that e D 



where Q e f^Km is the reference vector. Therefore we can define another group averaging inner product on the linear space of fjnW 
via (ri(iff)\f](<p))n '■= rjnWW- The resulting Hilbert space is denoted by 'Hq.. It is expected that there is consistency between these 
two approaches, since both maps should "project" onto the same (generalised) kernel. This is what we will establish in what follows. 

As a preparation, we construct the direct integral decomposition with respect to the constraints C/. Given this Abelian constraint 
operator algebra, each of these self-adjoint constraints C\ (I - 1, ■ ■ • ,N) is associated with a projection valued measure £/, and 
[Ei, Ej] = by commutativity. Then one can define a new projection value measure E = El/Li Ej, which is a map from the natural 
Borel cr-algebra on M. N into the set of projection operators on 'Hkiu- Thus we have a spectral measure for any unit vector Q e 'Hkih 
defined by 

fi n (B) = (Q.\E(B)\n) Kin 

for any measurable set B in M N . 

Thus the kinematical Hilbert space t H K in can be decomposed into W ® t H ac © 'H cs , where = [Q. e t H Ki „\ /in = A^r * = 
pp,ac,cs }. In each of 'H*, the projection valued measure of \CiYh-}i is denoted by E*(x). Given iff* e < H* and a smooth function 
with compact support / 6 C™(M. N ), one can construct a C°°-vector for {C/|^.}/ by 



r N 

JR N r-1 



and /C/Q^* = —^*t- Moreover the span of this kind of C°°-vectors as ij/* and / vary is dense in < H* . 

Suppose we pick a C°°-vector Qi, then we obtain a subspace "H* by the linear span of ^({C/})Oi and completion, where q({Ci\) 
denotes a polynomial of C/. If 7Yj" + H*, we can pick up another C°°-vector O2 6 '^ 1 *" L and construct another subspace "HJ c 'H^ ± 
in the same way. Iterating this procedure, we arrive at an at most countably infinite direct sum by the separability of < H* 

«* = C,K 

in which a dense set of vectors can be given in the form \q m (\C /})O m }°Lj where each q„, is a polynomial of C/ and each O m is a 
C°°-vectorsfor{C/}. 
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For any measurable set B in R N , we consider the spectral measure 

Hn m (B) = (Q m \E*(B)\Q m y 

If we choose a probability spectral measure fi* = 2m=i <Wq (Zm=i c m = 1) with the maxmality feature: for any iff e "H* the 
associated spectral measure p*^(B) = (i//\E*(B)\iff)* is absolutely continuous with respect to /i*, we have 

We define the function N* : R N -> N by 7V*(i) = M provided that flies in precisely M of the = {x\ p* n (x) > 0). Here X* M 
denotes its pre-image X* M = \x e R^ItVXx) = M] of {M}. 

For any two vectors ij/, = \q m ({C I })Q. m ) m and t/< = {^' m ({C/})O m } m 

oo oo 

<^.|^>' = ^(Q m |< ? " , ({C / }) 1 ? ""({C / })|n m >* = J] d^(f) ^(f) q' m (x) 

m=l m=l J RN 

Xoo 

oo „ N"(g) 

= 21. d -"* (f) Z 'Xu^ ?mtW(f) ?,mt<A0(f) 



where p* (x) ^ at x. Therefore we arrive at a direct integral representation, i.e. 

«* - W* = Pd/A^, 

m^r = 2 I w&iMQWWit (3-D 

M=l 

where 

AT (50 



N'(Jt) 



k=\ 

{ek(x)f k " = f is an orthonormal basis in "HZ C™. 

We are now in the position to prove a result about the relation between the two group averaging approaches (we denote by 
r c M. N the *-spectrum of the algebra {C,},): 

Theorem 3.1. We suppose cr cs (Cj) = 0, x = is not contained in Z es and is not a limit point in any cr pp (Ci). We also assume that 
there exists a neighborhood No of x = such that each p a £ is continuous at x = and is differentiable on No - \x = 0}. With these 
assumptions, the group averaging Hilbert spaces of these two approaches, "Kn and "fia, are unitarily equivalent with each other. 

Proof: There exists a dense domain D c Hkvi, such that D = \H PP e <S © 'H cs and the dense domain S in 'H ac consisting of the 
collection of all i/f ac = 2m=i q m ({Ci})Q m with only finitely many q m nonvanishing and each q m is a polynomial of C/. 
For any two vectors t/f ac = {^ m ({C/j)Q m } m and ifr' ac = {q' m {{C I })Q. m } m in S 



7=1 7=1 

XN oo N 
\\ df7 J^QJ^tW f[ e' ,,(C '~ e ' ) q" n ({C I })\D. m ) a 

7=1 m=l 7=1 

X7V oo N 

[I Atj V d/% (X) fi e^'-^ix) q' m {x) 

1=\ ^ 7=1 
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Note that we can freely interchange the sum over m and the integral since only finite number of terms contribute to the sum. Then as 
in the previous section, we add a convergence factor and interchange the integrals 



7=1 7=1 

*~ „ N „ „ N 

= V lim Tldt, df i d|/ fle (f)Po (*) Fl e , '" <A ''^' )Hg "' 1 q"'(x) q m (x) 
; ) \ Jr Jr" m ) * 

°° „ N „ „ N - 

= Z lim FK df 2 d^(f) rf e '"^H^i ^ — - P -(f)^^""(f) 

^{g^ojR^J Jr Jr« gf + ^-eO 2 

CO 

= 2> 



m— 1 



^ N ~ 

V lim dp-(x) fl 81 p a l (x) 

^ *'-><> Jk" ?= f g 2 + (x, - e/) 2 

oo ^ N ~ 

y lim lim dp fle (x) fl -5 — 



2gl(x t - 6j) 

Q) 2 g? + (*i - ei) 2 



Pn * 2 -, X/v) q m (xi, x 2 ..., xat) g m (xi, x 2 ..., xat) - p£ (ej , x 2 ..., x N ) q m (e l ,x 2 ..., x N ) q m (e l ,x 2 ..., x N ) 

x — - 

x\ - e\ 

+ Vlim dp ac (f) F| g/ -p^(e 1 ,x 2 ...,x A ,) ? '"(e 1 ,x 2 ...,XA f ) ?' m (ei, x 2 ...,Xiv) 

^ «'^° Jr" A /= f g; + (*/ - Q) 2 "' 

Note that here we choose e contained in a closed N-cube x^j [-<S/, <5/] e A/o- Since all p^ c , </ m and g' m are differentiable at e, the first 
term in the above result vanishes by the already familiar reasoning. Then we can iterate the same procedure for x 2 , Xn and obtain 



7=1 7=1 

XN 2 00 

d ^ C(f) 11 2 , ^ 2 Y i (% m &'r&q m & 
N 7=i Si + (*i ~ £ i) ^{ 



Now we consider the pure point sector and continuous singular sector, respectively. Note that since <x e? (C/) = 0, for any point 
(xi, x N ) € R N in the continuous singular spectrum X es , there must be at least one Xj taking values in cr pp (Ci) but not all of them. 
So No can be chosen such that No n 2* = 0, * = pp, cs, by the assumption that x = is not contained in X es and is not a limit point 
in any cr pp (Ci). Thus for any two states ifr t , <p, e * = pp, cs 

N 



Xn*£*«*>r|' 

XN N 
[Id// d y L7*(x)rf e i " (t '- £ ' ) - | «''' l ( t A«(x)|^«(x)>-, 
7=1 ^* 7=1 

r * r 

= iim d/i*(x)rf d f/ e^'-^'H^mum 

= lim f dp*(x)Y] 2g/ -(^(x)|0,(x)); 

ft-oJs« ?= f g 2 + (x 7 - e/) 2 

n 2 , gi ^ (m\mx))i ■ 



Since for sufficiently small e we have xr - £r + for all x e £*, the function , J gl — -r is bounded in the limit g/ — > 0. Therefore the 
above integrals vanish in the limit by an appeal to Lebesgue dominated convergence theorem. 
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With the above results, we obtain the following. For any three states ip,<p,Q. e D (Q flc = {/'"({C/})O m ) m ), 

<i7WM0>a 
= hm : 



lim 



z,= w , ac ,« Jt rL d?/ 4 4^(3 n/ «*<^><n.tf>in.(3>j 

[ b nf =1 ^g^r] Z" i p£(3 ^ <T(3 
= lim lim 

(Q flC (0)|Q flC (0)>- " 

Therefore we have obtained an isomorphism from Iri^ to the fiber Hilbert space f H'S = n m me absolutely continuous sector for a certain 
choice of the reference vector £1 

We now compare this with the group averaging for the master constraint M. As before, for any two states tp t e ti*, * = pp, ac, cs, 
we compute the integral 



f dt f d / /*(f) e i ' ( ^ f '^- e) <^(f)|0»(f)>* 
= lim f df f d//*(f)e , ''^"- r ' A ^ e) " lg ' l («AH,(4l0 t (j?)>; 
= lim f dfi*(x*) f df e^**^^.^.^ 
= lim f d M "(f) 2g <^(f)|^(f)>* 



Here we assume that the sphereQ S e defined by KjjXjXj = e is contained in No- Since A/o can be chosen such that No n E* = 0, 
* = cs, the integrals for both pure point sector and continuous singular sector vanish in the limit for the same reason as before. 
Therefore, 

= lim ^ 

~° 1 dt <Q fle | e <'«|a, c >- 

where we have now reduced the problem to a single sector < J-( ac on which M only has absolutely continuous spectrum. 

Given two vectors tf/ ac and tf/' ac in >S which can be written as t// ac = {q"\{Cj})Q. m } m and tf/' ac = {q" n ({Ci})Q. m } m , where only finitely 



Of course we assume that the matrix K is not operator valued but just a positive real valued matrix. 
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many q m and q' m are nonvanishing, we have 

f df {^aAe^-^r 
Jr 

oo 

= V df (n m \<f({C,tf e it(M ~ e) q' m {{C,}W m ) ac 

df f dp fle (f) p£ (jj) e it(K ' jX ' Xj - e) q m (x) q' m {x) 
Jr« 



f-l 1 Jr Jr" 



m=l 



- V lim f df f dp flc (A, I) pg (A, |) <f (A, |) <?' m (A, |) 

(s-»°Jm Jr» 



= V lim I 

= lim f dp ae (A,|) 
Jr« 



d// c (A,|) ff 

g 2 + (A - e) 2 



p£ (A,£) q m (A,0 q' m (A,i) 



2g 



# 2 + (A-e) 2 



2pn m (^l)?'"(6,|)?' m (e,|) 



where in the last step we have used the differentiability of p^ e q m q" n in No- Since XmPn <?"V m is continuous on the compact region 
R[0,f] and bounded on the sphere K IJ x I x J = e, there exist two functions M\{e) :- Max^ ES[0e] [2 m p° c q m q' m (x) - D m p^ c <?"V m (0)] 
and M 2 (e) := Min f6R[0f] [ Z^tfVtf) - Z m p^"V m (0)] such that lim^o M,(e) = 0, so 



XX^ m (°v m (°) + M 2( e ) < YjpnS 6 ^ qm{e ^ qm{e & < Z^ (0) ^ ffl(0) ^ m(0) + Mi(e) - 



m-l 



m=l 



Therefore 



lim f djU ac (A,£ 
Jr" 

< lim f d^ fle (A,|) 
Jr« 



2g 



g 2 + (A- 


f) 2 






g 2 + (A- 




2g 





[£p^(0V"(0V m (0) + M 2 (6)] 



£p-(e,#)^,|)<T(e,|) 



So in the limit e — > 



< lim f d/i-CA, |) 2 f [ V p- ((%'"(() V m (0) + Mi (e)l . 
?->oJ M « g 2 + (A-e) 2 L^ i: » J 

lim lim I 

e^O g^O J r a 



lim lim d// flC (A,£) — 2 

= lim lim f dn ac (A,£) . 2 f — 



^p fl n '; n (6,|)^(e,|)?' m (e,|) 

m=l 

CO 

^p^(0)^(0)^ m (0) 



As a result, 



#) M) fl = lim # 

-°/ R df<n flc k^ M -)|Q flc )« 



= lim lim 



/ RW d^(A, |) TZ-i PnJO) g'"(0) g""(0) 

<^ c (0)l<M0))^ 
(Q ac (0)|Q ac (0))- ' 

which means that "Kn is isomorphic to ( H^ dQ for a certain choice of Q. Thus the isomorphism between 'Hq and 'Hq has been 
established. 
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3.2 An infinite number of Abelianized constraints 

Suppose we have a gauge system with an infinite collection of (non-Abelian) irreducible first class constraints C/ (/ € { 1 , 2, • • • ,00} = 
So). We can still abelianize these constraints locally by using the Abelianzation theorem ||2) to obtain Cj = RijCj, such that 
{Cj, Cj} = which is an infinite dimensional Abelian constraint algebra. If we quantize these abelianized constraints as self-adjoint 
operators with [C/, Cj] = on a group averaging approach can be defined by the Abelian Lie algebra structure of the constraint 
algebra: For each state if/ in a dense subset T> of a linear functional J]n(if/) in the algebraic dual of T> can be defined formally 
such that V0 e T> 

riQ.W)w\ '■= hm — z 

where Q e "Ha:,,, is a reference vector. Therefore we can define the group averaging inner product on the linear space of 770(1/') via 
(rj(i//)\ri(<p))n := rj£i(ifr)[(f)]. The resulting Hilbert space is denoted by 'Hq. 

However, the above definition is formal because f\7=i dt i * s not a measure on R°°. So the above definition for the group aver- 
aging with a infinite set of Abelianized constraint is not meaningful in general. On the other hand, however, the group averaging 
technique with the master constraint M does not suffer from this problem. Because the master constraint operator is defined by 
M := 2/,7en KijCiCj (Kjj is nondegenerate), we can proceed as before: For each state iff in the dense subset T> of 'Hxin, a linear 
functional r\a($i) in the algebraic dual of T> can be defined such that V</> e D 

I dt (iff\e it(M -^\<p) Kin 

tiaWW ■= lim ^ (3-2) 

~°f M dt{n\e'«W-m>Kin 

where £2 € 'Hkiu is the reference vector. Therefore we can define another group averaging inner product on the linear span of the 
^nW via {rj{ip)\r]{(p))a '■= ijnWW- The resulting Hilbert space is denoted by 'Hq.. 

So far we see that for the case of an infinite number of constraints, the group averaging inner product with Abelianized constraint 
is a priori ill-defined but the group averaging inner product with a single master constraint is well-defined as long as the Master 
constraint is well defined. Thus the question arises how to regularise the group averaging inner product for the infinite number of 
constraints such that in the limit as the regulator is removed we obtain the group averaging inner product with respect to the Master 
constraint. 

We solve this problem as follows: Consider arbitrary finite subsets W c No and define (\W\ is the number of elements in W) a 
partial group averaging for the W-dependent states i//\y, (f>w and Q.w 

, , . f^UleW^i^wmieW^'-^wyKin 

(m w ,w(^w)\m w ,w(4>w)) n :=i"37 — - — , — — h(t fMr . . — - ( 3 - 3 ) 

X ,Slw J Rm Ulewdtl(£l W \Y\leWe'" (C '-' ! ' ) \£lw)Kin 

which is well-defined since W is a finite set. 

Likewise, with the chosen W c No one can also define the partial master constraint operator by truncating the sum Mw := 
Yiijew KijCiCj. Then the group averaging can also be defined for this partial master constraint: 

, , x j^dt (ifswW'W^ )\<p w ) Kin 

Uin w ,w(^w)\m w ,w(4>w)) := I'm jr— — — — (3.4) 

with respect to the same triple of vectors. Now, we have already seen in the previous section that under the assumptions spelled 
out in Theorem l3.ll the group averaging using the partial master constraint is consistent with the partial group averaging using the 
Abelianized constraints, that is 

(fjn w ,w(4'w)\fin w ,w( < f>w)) nw = (r]n w ,w(<f f w)\vn w ,w(i > w)) n (3.5) 

What we intend to show is that the partial group averaging with respect to the partial collection of constraints indexed by W, 
Eq. (l3.3b coincides with the group averaging using the master constraint Eq.( l3.2l i when we take the limit W — > No, i.e. 

^im {r]a w ,w(^w)\nawM ( Pw)) aw = (n(^)\fj(4>)) n (3-6) 
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for suitable sequences of triples (i/fw, <Pw, ^w) such that (iftw, <Pw, Qw) — » (<A, <t>, £2) as W — > No. Due to !3.4l and if all the assumptions 
in Theorem l3.1l hold for all choices of W e No, the task is reduced to prove 

^im {r)a w M^w)\fla w ,w(4>w)) aw = (j]W\nW) n (3.7) 

for suitable sequences of triples {if/w, 4>w, Qw) converging strongly to (iff, <p, Q) as W — > No. This is a simplification of the problem 
because now both sides of Eq. d3.7l l are the group averaging with respect to the master constraints — one side with the partial master 
constraint and the other side with full master constraint. Moreover, by Theorem 12. II both sides of Eq. (l3.71 > equal to DID physical 
inner product in their absolutely continuous sectors corresponding to their master constraints Mw and M. So in the following we 
only need to show the following relation: 

(£lw,ac(0)\nw,ac(0)y A C w=Q ~ (n ac (0)|Q ac (0)>% () 

where Aw and A denote the spectrum of Mw and M respectively. Note that in the following we denote the absolutely continuous 
sector of Mw by "H™, and denote the absolutely continuous sector of M by ( H ac . 

In order to establish the relation Eq. (l3.8b . we have to make a regularity assumption on the convergence of the partial master 
constraint to the full master constraint M. We need the following theorem (See [19] for the proof): 

Theorem 3.2. Let {A„}" =1 and A be self-adjoint operators and lim,,-,^, A n — A in the strong resolvent sense (or equivalently, 
lim^oo e" A " — e strongly for each t), then lim,,-,^ E„(a, b) — E(a, b) strongly provided that a,b el, a < b, and a,b £ o~ pl '(A). 

We first consider the simple case that all the partial master constraints Mw for different W only have absolutely continuous 
spectrum on Ukm, i.e. ^w ~ for all W. Suppose that we have convergence M = limv^s Mw to the full master constraint in 
the strong resolvent sense, and that the full master constraint also only has absolutely continuous spectrum on Irixm, i.e. < H ac - 'Hxin- 
We also assume that for M there exists a minimal set of Q„ e "7Y/s-,„ such that the Radon-Nikodym derivatives pn n are continuous at 
A — from the right. For any iff, iff' and D. in a dense domain T) (defined by the condition that for any iff, iff' e D, (ift(A)\ift' (A)) ^ is 
right continuous at A — 0) of "7Y#,„, we have: 

r ~^' {A) .= ij WE(0,A)\iff') Ki „ = 

junW ' ^<O|£(0,i)|n> Xl „ (Q(0)|Q(0)), =0 ' 

where E is the p.v.m. of M. 

On the other hand, the projection valued measure for M f , E w (a, b) equals E' w (R^ a j,y) where R( a ,b) is the region between the 
spheres Mw = a and Mw = b in M} w ^ and E' w = Yliew Ei- Since M = lim^So Mw in the strong resolvent sense and M only has 
absolutely continuous spectrum on 'Hkuu by the above theorem we know that lim^N„ Ew(a, b) = E(a, b) strongly. 

Given W c No, we can decompose the Hilbert space "7Y#,„ with respect to {Cj}i e w 

A dense set T>w consists of the vectors of the form {q m ({C ' i)iew)^w,mY^ l=v where Q.w, m £ ^w.m are C°°-vectors and q'" are polynomi- 
als. Suppose we choose any three unit vectors iff, iff' and Q in T>, as well as any three unit vectors iffw, iff' w an d Qw in fw 

L pn(A) pw,n(A) J L fi wn (A) fi w ,n w (A) ' 

fi^'(A)fi Wi a(A) - p.%^'{A)}ia{X) + fiw,<!r,r(X)fiw,n w (J-) - Pw^w^WPw^i^) 

pQ.{A)pw,o.(A) pw,n(A)p.w,n w (A) 
(iff\E(A) - E w (AW) Kin pn(A)+il^(A)(Q.\Ew(A) - E(A)\£l) Kin 
MVlfinW + {&\E W (A) - E(AW) Kin ] 
IPw^-i/iw^'W + P-w,4i w ,ijj'-tij' w (Ay\ Pw,n w (^) + ftw^w^'w^ lfiw,n w -n,n w (<l) + fiw,n,n w -n(^-)] 
+ IMA) + ju w ,n w -n,n w ( A ) + fiw A n w -nW + (n\E w (A) - E(A)\Q.) Kin ] [p n (A) + (Q.\E W (A) - E(A)\Cl) Ki „] 
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Since Dw is dense, for given e > and three unit vectors iff, if/', Q we can find three unit vectors if/w, 4*'w an< ^ m such that 
ll<A - MkinM' - *P' w \\Ki,„ 11^ - QwWKin < e. Using the Schwarz inequality we have e.g. \fiw,w w ,f w (M < \\*P - ^wlkin < £ and 
l/V-iAuMAJyW)! ^ 11^ _ tywWxin < £ for all choices of W. Next, for given A > 0, e > and ifr, if/, Q., by strong convergence of the 
p.v.m. Ew — * E (pointwise on the spectrum) there exists a Wq{A, e, if/, if/', Q) c No such that for all W z> Wo(A, e, if/, if/', Q) we have 
\\[E W (A) - E(A)]if/\\ Kin , \\[E W (A) - E(AW\\ Kin , \\[E W (A) - E(A)]Cl\\ Kin < e. It follows e.g. \(i//\E(A) - E w (A)\if/') Kin \ < e. Therefore 



< ex 



mi*) + l/V,./"W)l 



+ 2 



£n(T)[£n(T) - e] - 3e] [fm(X) - e] 



2e 



jjn(A) - e 
6e 



1 



fin(A) ftn(A) - 3e 



(3.9) 



[fin(A) - 3e] 2 

where we have assumed that given A > and Q, we have 3e < £i(i(A). So it is clear that given any 6 > we can choose e such that 
Eq. ( 13.91 ) is smaller than 6. 

Furthermore, both jl l /,^(A)/jln(A) and jiw,i/r w ,ifr' w (A) I P-w,n w (A) are right continuous at A = 0. Thus we know that for any e > there 
exists a (5 > such that for all < A < 6, |//^^,'///n(0) -/ty,,/,'(/l)//in(T)l < e/3. From the last paragraph, we know that for any e > 
there exists a Wo(A, e, if/, if/', Q) c No such that for all W D Wo(A, e, if/, if/', £2), we can find the unit vectors if/w, iff' w and in Dw 
such that ^t^'{A)lp.(i{X) - Uw,^ w ,^ w U)/Mw,n w (X)\ < ef3. If we fix a W O W (A, e, if/, if/', Q) and data if/ w , if/' w and Q. w in D w , there 
exists a 6 W such that for all < A < min(6,6 w ), \p.w,i/r w ,if>' (X) / fiw,a w W _ (0)1 < e/3. To summarize: For any e > 0, 
there exists a W and three unit vectors if/ w , if/' w and Q. w in 2V such that 



AW* 



(0)- 
(0)- 



(0) 



Pw,ifi w ,t//' /J-W,i// W ,it>'u 



(0) 



< e 



for all < A < min((5, 5w), which means that fiw,i// w ,i//' w /fiw,n w (0) approximates p.^ ffin(0) as closely as we want. Note that for 
non-unit vectors if/, if/, Q we can always re-scale if/w, if/' w and Glyr such that the approximation still holds. 

Next we consider the case that each Mw possibly has both absolutely continuous and pure point spectrum on 'Hxin and that 
M = lim^s, Mjy in the strong resolvent sense, and that M not only has absolutely continuous spectrum but also pure point spectrum 
on 'HKin- We denote by t H ac the absolutely continuous sector of M. On the subspace r H ac , the restrictions M|^„, = limw^s Mw|^„ c 
converge also in the strong resolvent sense because by theorem [3.21 only the limit M is supposed to have no pure point spectrum 
(which is the case in < H ac by definition). Therefore E W (A) converges to E(A) strongly on ( H ac . Due to E(A)E(A) = E(A) for any 
A E [0, 6] we trivially have for any if/ ac , if/' ' ac , Q. ac e < H ac 



n„ r ,n, 



(A) = (ifr ac \E(A)\if/' ac ) Ki „ 
(A) = (£l ac \E(A)\Cl ac ) Kin : 



: (V ac \E(A)\Y ac ) a 

(n ac \E(A)\n ac y 



- fi^ a ^, ac {A) 



+ , such that for any ifr ac e <H ac , T ac = E(6)ip ac belongs to all <H™\. Then 



where V' ac = E(6)if/' ac , Q flc s E(S)Cl ac . 

Let us make the assumption that there exists a 6 6 
we can repeat the previous manipulations carried out for the simple case in the Hilbert subspace H-( ac . Thus, suppose x ¥' ac , and 
Q ac are unit vectors in < H ac . Given e > we can find three unit vectors if/w, ac , ^'wac an( ^ ^w,ac in a dense domain Sw c "Hjjf , such 
that ll^a,. - if/w,aA\ ac ,W ac ~ ^wacW™ > W^ac ~ QwacVF < e - Usin g a S ain the Schwarz inequality we have e.g. \fiw,^ ac -^ w , ac ^ c {X)\ < 
Wac - ifw,ac\\ ac < e and \jl Va 

i-^Hfoc.iKp ^ If^ac — | Aw,acll at < c for A € (0, 6] and all choices of W. Next, for given A e (0, 6], e > 
and V ac , Cl ac there exists a Wo(A, e, V ac , W' ac , Q flc ) c N„ such that for all W D W (A, e, *¥ ac , ¥' ac , Q flc ) \\[E W (A) - E(A)]^ ac \\ ac , 
\\[Ew(A) - E{A)W ac \\ ac , \\[E W (A) - E(A)]Cl ac \\ ac < e. It follows e.g. \(V ac \E(A) - E w (A)f¥' ac ) ac \ < e. 

Following the previous manipulations we did for the simple case, we can see that for any given if/ ac ,if/' ac ,Q. ac in a dense domain 
S c 7-{ ac (for any if/ ac ,if/' ac e S, (if/ac{X)\if/' ac (A))f is right continuous at A — 0), and for any e > 0, there exists a W and three vectors 
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'Aw.ao ty'wac anc ' ^w.nc in a dense domain Sw C such that 



PW^ac - fiw.acW, \\E(6)ij/' ac - i//' Wac \\, \\E(S)Cl ac - Q Wjfl 



< e 



and 



"2L 



(0) 



-(0) 



< e 



Moreover, we can choose a sequence of {W,,}^ and correspondingly three sequences of vectors i^w„,ac, i^'w, ac anc ' ^w„,ac such 
that for any given 4r ac ,iJ/' ac ,Q. ac in a dense domain S c 'H ac (defined by the condition that for any i/l flc ,(fr' fl( . e S, we have that 
ac{X)\^' acW) a A * s right continuous at A — 0), and for any e > 0, there exists aN > such that for all n > N 

\\E{6)^ ac - xlf Wn ^\\, \\E{SW ac - if,' J|, ||£(<5)Q fle - £l Wn , ac \\ < e 



and 



W„,acll 

^, (0) /«^ (0) 



w„,n„ 



< e 



which means that 



lim ^ ac = E(5)ij/ ac , lim i/r^ = E(6)if/' ac , lim Q Wnjf , c = £(£)CXi 
and 



lim — (0) = -^(0) = 



*«WW ^ <O flC (0)|Q flC (0)>- 

Note that for a given state ifr e Hkm, we should first find its absolutely continuous component i(/" c E < H ac and then write 



(3.10) 



(3.11) 



The sequence of vectors converging to ifr is obtained by tpw„,ac + <Ar where lim,,^,*, iftw„,ac = E(6)if/ ac . The remainder i/zr is of the form 
[1 - E(A)]i[/ ac + i// pp + i/r cs of which the first term is projected out by E(A) in the formula [3791 for the master constraint rigging map 
already for finite A < 5 and iff pp , if/ cs by the mechanism of the previous sections as we take the limit A — » 0. 
We summarize the above considerations as the main theorem of this section: 

Theorem 3.3. Assumptions: 

• The partial master constraint Mw converges to M in the strong resolvent sense as W — > No; 

• Each Ci satisfies the condition in Theorem \3.1\ and M satisfies the condition in Theorem \2.1\ 

• There exists a 5 e K + , such that for any tff ac e 1-l ac , *¥ ac = E(S)\j/ ac belongs to all ^H^'s where 1~( ac , TY^f respectively denote 
the absolutely continuous sector o/M, Mw respectively. 

Then for given states iff, <f>, Q. in a dense domain ofHKin, there exist three sequences {(A„}„, {</>„}„, (fi„) n such that 

Jim {iff„,(p„,n„} = {(A,0,C2) and Jim (77n„,w„(^n)| 7 /n„ ; w„(0n)) n = (»7W|*K0)) n (3-12) 



4 Conclusion and discussion 

In [I] we have tried to sketch how different canonical quantisation methods, specifically reduced phase space-, operator constraint- 
amd Master constraint quantisation all give rise to the same path integral formulation. In the present paper we have carried out some 
of the formal steps outlined in [ 1 1 more carefully, that is, we established a tighter relation between DID and group averaging for a 
single master constraint on the one hand and a tighter link between group averaging of individidual constraints and Master constraint 
respectively. Since group averaging of individual constraints more or less straightforwardly leads to a path integral formulation, we 
have therefore managed to establish a tighter link between DID for a single Master constraint and path integrals. 

This link rests on assumptions. The mathematical assumptions that we have made are rather technical in nature and require 
rather detailed knowledge about the spectral properties of the Master constraints. They are therefore difficult to verify in concrete 
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situations, however, they at least caution us that formal manipulations are not granted to work out as one would naively expect. 
Whether they can be weakened remains to be seen. On the other hand, since the technical assumptions are fulfilled for the examples 
studied in (§J [7] we see that they do not restrict us to an empty set of examples. Moreover, even if we cannot verify the validity of 
the assumptions, still it is a rather good Ansatz to assume that the DID physical inner product is equivalent to a suitable path integral 
formula. 

The most important physical assumption is that we had to assume that the individual constraints form an Abelian algebra of self 
- adjoint operators. This is consistent with the classical theory because any set of first class constraints can be abelianized locally 
in phase space. However, that the constraints be represented without anomalies is a strong assumption. Without it, the constraints 
cannot be simultaneously diagonalised on the kinematical Hilbert space and then there does not exist a common p.v.m. for all 
constraints. In other words, the rigging map then does not produce solutions to all constraints. To be sure, it is not necessary that the 
constraint algebra be Abelian for group averaging to work. It is sufficient that it is a true Lie algebra (structure constants rather than 
structure functions) and that there exists a Haar measure on the corresponding gauge group. 

However, in the case of GR this is not the case. The path integral for GR therefore cannot be derived by group averaging of 
Hamiltonian and spatial diffeomorphism constraint operators as envisaged in [25 ] which has already been pointed out in the second 
reference of [8], simply due to the stucture functions. They cause the Hamiltonian constraint operators not to be self - adjoint which 
is why a priori they cannot be exponentiate^ and even if they can be defined on analytic vectors fl9l , they do not form a Lie algebra^. 
Thus, to derive a path integral formula for GR from the canonical theory, we must first Abelianize the constraints or one has to use 
the Master constraint programme. The general considerations in this paper and the companion paper [ 1 j may be considered as a 
preparation for this. 

The consequence of the Abelianisation is that the naive Lebesgue measure of a path integral formulation has to be modified by a 
local measure factor. The following sketch may clarify this: Suppose that we have a system with only first class constraints C/ and 
let Ci be their local Abelianisation. Then there exists a non singular matrix M with C7 = Mu Cj. The rigging physical inner product 
can then be formally written as (using the usual skeletonisation techniques) 



< iW^nW >phys = 



f Dq Dp 6[C] if,[q + ] tf\q_\ exp(i f dt p a q a ) 

j Dq Dp 6[C] £l[q + ] £l[q-] exp(i j dt p a q a ) 

f DqDp6[C]\det[M]\^[q7\lf/'[q-] expjij dt p a q a ) 

j Dq Dp 6[C] [det[M]| Sl[q] + Q[ 9 _] exp(i j dt pjf) 



(4.1) 



where the kinematical states are evaluated at boundary configurations q T in the infinite past and future respectively. The appearance 
of | det(M)| multiplying the naive Lebesgue measure dp.L = Dq Dp is precisely correct and makes sure that the rigging inner product 
above agrees with the one coming from reduced phase space quantisation. To see this, notice that the above path integral is invariant 
under gauge transformations canonically generated by the C/ which become the identity in the infinite past and future because this 
leaves q ± invariant, changes the symplectic potential &l — J p a q"dt by a total differential which vanishes at the boundaries, as a 
canonical transformation leaves the Liouville measure dpi invariant and also the C due to Abelianess. The Cj are always of the form 
ttj + h[(<f> J , Q A , Pa) because one can split the canonical pairs (q", p a ) into two groups (cp 1 , 717), (Q*, Pa) and solve Cj(q a , p a ) = in 
terms of 717. The gauge transformation ag = exp(fi r {Ci, .}) acts on the gauge fixing condition G 1 = <p' - r 7 , where r 7 = r 7 (f) is an 
arbitrary but fixed configuration, by the shift ap(G r ) = G l + y3 7 . We therefore trivially have 



= J D/3 5[a p {G)] (4.2) 



5 The exponential of a self - adjoint operator can be defined via the spectral theorem. 

6 It is often wrongly stated that the Hamiltonian constraint operators 1111 commute. This is wrong. What one means is that the dual action of their commutators 
annihilates the solutions of the spatial diffeomorphism constraints (which are considered as distributions on the kinematical Hilbert space). On the kinematical Hilbert 
space they do not commute and they do not form a Lie algebra. One can define a Hilbert space of solutions to the spatial diffeomorphism constraints. But neither is 
the Hamiltonian constraint defined there (it cannot preserve this space) nor is it self - adjoint. See the second reference in 1 8 1 for a comprehensive discussion. 
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Thus we can formally run the Fadeev - Popov argument (we denote by m a point on the phase space) 

dp L (m) 6[C(m)] Q(? + (m)) £2(?_(m)) e i&dm) 



I 



= J £J8 J d^ L (m) <S[C(m)] <S[(*„ • G)(m)] fl(9 + («)) «" 
= f f dfidm) 6[C(m)] 6[G(ap{m))} £Kq + (m)) Cl(q-(m)) e m ^ 
= J D{3 J dix L (a (m)) 6[C( a/3 (m))] 6[G( afs (m))] Q(< 7+ (a /3 (m))) fl<9- (tr^m))) 



<///l(/w) <5[C(m)] 5[G(m)] fi($+(m)) Q(?_(m)) e i0i(m) 

(4.3) 



where we have made use of the automorphism property of canonical transformations and the invariance properties of the the integrand 
at intermediate steps. Thus the infinite gauge group volume [J D/3] cancels in the fraction (14. Il l which therefore may be written as 



< rib/S^wM > P hy S 



/ Dq Dp 6[C] 6[G] [det[M]| if/[q + ] i//'[q-] exp(i J dt p a q a ) 
J Dq Dp 6[C] 6[G] |det[M]| £l[q] + Q[^_] exp(i J dt p a q a ) 
J Dq Dp 6[C] 6[G] |det[{C,G}]| <fiq + ] l{/'[q-] exp(i J dt p a q a ) 
J Dq Dp 6[C] 6[G] |det[{C,G}]| £l[q]+ Q[q.] exp(i j dt p a q a ) 



(4.4) 



which is precisely the well known reduced phase space formula for the path integral |2| which also makes it manifest that the above 
formula is invariant under changes of the gauge fixing condition G at finite times. 

It transpires that, had we not paid attention to the fact that we should use a form of the constraints such that they form a Lie 
algebra and such that the rigging map actually maps to kernel of the constrants, then we would have postulated the naive path integral 
in ( 14. U without the measure factor det[M] which is necessary also in order to be consistent with other well established quantisation 
methods. Since spin foams did start from [25] where no attention to these subtleties was paid and since also current spin foam 
models based on the Plebanski or Hoist action ITOl do not pay attention to these local measure factors, one may worry whether spin 
foam models as currently defined actually define solutions to the Hamiltonian constraints. In order to investigate this question, we 
have computed in ll24l the local measure factor for Hoist gravity because the models in [ 10] are based on the Hoist action [23]. The 
corresponding measure factor, which is actually more complicated to compute than in the simple situation ( 14. \\ because Plebanski 
gravity also contains second class constraints, should then be incorporated into spin foam models which is ongoing work [26|. The 
measure factor destroys the manifest general covariance of the naive measure and one may ask whether the corrected measure is 
invariant at least under the gauge transformations generated by the non Abelianised constraints, that is, the Bergmann - Komar group 
ll27ll . This is the subject of the research conducted in [21 1. 

The Abelianess featured crucially into the proofs of the current paper in order to establish a link between constraint group 
averaging and master constraint group averaging. However, the Master constraint needs not to be defined in terms of Abelianised 
constraints. Therefore one may wonder what happens if one tries to define a path integral for Master constraint group averaging for 
the concrete proposal for an LQG master constraint in [5| in terms of the original Hamiltonian constraints and with a phase space 
dependent matrix K. This analysis is carried out in [22 1 . 
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